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£f} • 1 Introduction 

<N 

Gauge formulation of gravitation pQ attempts to derive a unified picture of known interactions. This 
formulation is metric- a ffine: both the metric (or tetrad) and affine (or Lorentz) connection are regarded 
| as gravitational potentials [HOSE] • Explicit dynamical variables in metric-affine theories can be taken 

as: metric and symmetric connection (Palatini formulation) ['>] . metric and torsion (Einstein-Cartan 
theory) [6], metric and asymmetric connection 7,8\, metric, torsion and nonmetricity [9], tetrad and 
torsion [10], and tetrad and Lorentz connection (Kibble-Sciama theory) [2]. 

The principle of general covariance imposes the invariance of the total action under general co- 



ordinate transformations. Since the metric and tetrad are related by the orthonormality condition, 
the group of tetrad rotations is the Lorentz group [TT1I12] . The local Poincare invariance, i.e. the in- 



variance of a Lagrangian density for matter under coordinate transformations and tetrad rotations, 
leads to identities (conservation laws) satisfied by matter sources |13j . An energy-momentum conser- 
vation (4 equations) results from the coordinate invariance and an angular momentum conservation 
(6 equations) results from the invariance under tetrad rotations [TTlll4j . The same invariance of the 
total Lagrangian for matter and gravitational field gives analogous Bianchi identities satisfied by the 
field equations. Since there are 80 gravitational equations for 16 + 64 = 80 gravitational potentials 
(tetrad and connection) with 4 + 6 = 10 identities, 80 — 10 = 70 potentials are independent dynamical 
variables [TT] , 

In this paper, which is a sequel of [15j . we present a brief derivation of conservation laws for the 
canonical and dynamical energy-momentum tensors and angular momentum (spin) density for a gen- 
eral Lorentz connection. Such a connection corresponds to an affine connection that is not restricted 
to be metric compatible and torsionless. Examples of a physical theory with a general affine connec- 
tion are Weyl's conformal geometry 12,16 and the generalized Einstein-Maxwell theory with the 
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electromagnetic field tensor represented by the nomothetic curvature tensor [17] ■ We use the notation 

of ma. 



2 Infinitesimal coordinate transformations 

Under an infinitesimal coordinate transformation 

a* a:'" = re" + (1) 
where £ M is an infinitesimal vector, the transformation law for any tensor or tensor density <P is given 

by 

5$ = <2>V) - = C a* s (2) 

where the constant linear operators C@ are determined by the covariant derivative of <P with respect 
to the affine connection [12] : 

^ = # )/t + 2>%C5#. (3) 

For example, the operator C acting on a scalar 0, contravariant vector V", covariant vector V v and 
scalar density V of weight w returns, respectively: 

= 0, (4) 

6*V = ^V* (5) 

Ci V v = -8?V a , (6) 

Civ = -ic^V. (7) 

The transformation law for a Lagrangian density jl, which is a scalar density (of weight 1) since %d A x 
is a scalar, is thus 

6%=-e,»3L- (8) 
A Lie derivative with respect to £ M of a quantity <?> is defined as 

C t $ = M = &{x)-$(x) = 5$ (9) 

It can be shown that 8<P, unlike 8<P, transforms under general coordinate transformations the same 
way as <2>. For example, the Lie derivative of the contravariant metric tensor g^ v is also a tensor: 

v = e,asr + e V"" - rr,„ = 2^ + {^ v \ + w-gr- m 

A Killing vector is defined as a vector £ M that preserves the metric: C^g^ — 00 

3 Canonical energy momentum tensors 

The change 8% of a Lagrangian density for matter under an infinitesimal coordinate transformation |1} 
is given by Eq. |(8}. If we assume that it depends, in addition to the coordinates x^ , on matter fields 
</> and their first derivatives </> jM then 

where the changes 8<j> and 8(<f> tfJ ,) are brought by the transformation (fl]) and <9 denotes partial differ- 
entiation with respect to a; M regarding <fi and <^ jA1 as constant. Using the Lagrange field equations, 

g-(ia,=°' ^ 

1 The invariance of the matter action under a coordinate translation generated by a Killing vector yields 
the covariant conservation of the corresponding dynamical energy-momentum tensor [18] . 
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and the identities % tli = -jj& + ||<^ + -j0^<j>,^ L and 8{<t> tfl ) = (<ty) )(U - C,^^, we bring Eq. CP to 

53L = e^+(^(H-e^)) ^. (13) 

Combining Eqs. ([8]) and (fl3|) gives a conservation law [12]: 

= 3f M ; u - 25 M r = 0, (14) 



with the current: 



3f M = ^ Jt + ^L(^_^ ) = ^jt+^_50. (15) 

0<P,u 0<P,u 



Equations (|14p and (jTSJ) represent Noether's theorem: the correspondence between continuous symme- 
tries of a Lagrangian and conservation lawsH 

If we assume that the matter fields <f> are purely tensorial then applying Eqs. ^ and © to the 
definition of the conserved current (fl~5|) gives 



r = ^+^ ((O + 25%^)c^ - e^ ; .) . (i6) 



In order to obtain a local conservation law that does not contain the vector we must impose a 
covariant restriction on this vector at a particular point in spacetime: 

C,p + 2S a 0v e = 0, (17) 

which brings Eqs. {Tj]) and ([15)) to 

Using again Eq. ([T7]) allows to eliminate leading to 

*» - (^") + + = °> (19) 

which represents a conservation law: 

H». v - 2S v Hl + 2S\ p H p v = 0, (20) 
for the canonical energy-momentum tensor density^ 

2 If x M are Cartesian coordinates then for Lorentz translations, £ M — const and 8(f) — 0, we obtain a 
conservation of energy-momentum: 0£ lAt = 0, where = gP" <fc iV — S^JL is the energy-momentum tensor 
density. This conservation also follows from the Lagrange field equations (I12|l . For Lorentz rotations, £ M = t^ v x v 
and (f> = ^t^G^ '<j>, where G^ v are the generators of the Lorentz group, the conservation law (j 141) yields a 
conservation of angular momentum: (d a(3 M + E a p^),n = 0, where A a J* = x a 0£ — xpO 1 ^ is the orbital angular 

momentum density and = G a g<f> is the spin density. 

3 The canonical energy-momentum tensor density (|21[) generalizes the Cartesian energy-momentum tensor 
density Q% (cf. footnote 2) to a general affine connection, replacing the ordinary derivative <f> tU by the covariant 
derivative The correspondi ng ca nonical energy-momentum tensor can be symmetrized using the generalized 
Belinfante-Rosenfeld formula [81119]. 
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4 Dynamical energy momentum tensors 

A dynamical energy-momentum tensor density in the tetrad formulation of gravity, tC^, is defined via 
the variation of a matter Lagrangian density % with respect to a tetrad0 

5% = %6e%. (22) 

If £ depends only on tensor matter fields then the tetrad enters 3L only where there is the metric tensor, 
in a combination g^" = Tf e%e%, yielding 

6e% = \e av 5g^. (23) 

Substituting Eq. (|2"3"|) to (|2"2"j) gives the standard general-relativistic form (Si = \% tiv &9 ilh ' , where 

V = e a „% a v . (24) 

Therefore, for purely tensorial matter fields, the symmetric part ^t^u) of the dynamical energy- 
momentum tensor density in the tetrad formulation coincides with the dynamical energy-momentum 
tensor density 7^„ in the metric formulation 12,18 . If it depends also on spinor matter fields then 
Eq. (|2"2"|) becomes the sum of two parts, tensorial and spinorial: 

5% = \% v bg» v + %f spin ^~5e^ (25) 

where Se% denotes the variation of the tetrad that cannot be related to the variation of the metric 
tensor. 

Let us assume that the matter Lagrangian density it depends on matter fields 4> (and their first 
derivatives <f> tll ) that can be expressed in terms of Lorentz and spinor indices only. Consequently, 
the tetrad field appears in it only where there is a derivative of <p, in a covariant combination 
e^(pu. For example, the Dirac Lagrangian density for a massless particle is |t(-07 a e^W — eaVv/'V) 
and the Maxwell Lagrangian density — ijF^F^, where F^ = A u ^ — A^u, can be written as 
±t(~e%A blfl F ab + S c ab A c F ab )E Since % = tL, where L is a scalar, we obtairH 

61 = z5L - te^LSe* = t^^Se* - ietfe* = - *4) K- ( 2 6) 

Comparing Eq. (f2"6")) with shows that the dynamical energy-momentum tensor density % a is a 
generalized canonical energy-momentum tensor density [12] : 

«s-|j!>-« a ' (27) 

or equivalently 

% » = iHr^" ~ ( 28 ) 

"9,1* 

The canonical energy-momentum tensor density l|28[) generalizes the density (|2ip . replacing the 
derivative (j>. v with <f>\ v . The difference between the tensor densities (|28p and (f2"Tj) is 

K-nt = -^r„ct>, (29) 

09,1* 

where the connection F v = — ^uj abv G ab depends on the generators G ab of the representation of the 
Lorentz group governing a transformation law of <f> 12 1,"). If the matter fields (f> in the Lagrangian 
density 5, are expressed in terms of coordinate indices only, they must be purely tensorial and the 
dynamical energy-momentum tensor density (|27p corresponds to the dynamical matter density 7^„ in 
the metric formulation. 

4 The energy-momentum tensor, canonical or dynamical, is obtained from the corresponding energy- 
momentum tensor density by dividing the latter by t. 

5 The definition F^ v = A v ^ — A^ does not yield F a b = Ab, a — A a ,b- 

6 For the Maxwell Lagrangian density the variation SL due to the variation of the tetrad is: SL = 
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5 Spin density 

For a general connection, not restricted to be metric compatible, the Lorentz connection u> is not 
antisymmetric in the indices a, b [3] and its symmetric part is related to the nonmetricity tensor: 
u/ afc ^ = — \N ab fi [15 . The variation of a matter Lagrangian density 3L with respect to a Lorentz 
connection: 

M=^/<- ( 3 °) 

defines the Lorentz connection-conjugate density §^^0 The variation of % with respect to the anti- 
symmetric part of the Lorentz connection defines the spin density in the tetrad formulation of 
gravity: 

M=\Mj6J ah \. (31) 

The variation of Jt with respect to the symmetric part of the Lorentz connection, i.e. the nonmetricity 
tensor, defines the nonmetricity- conjugate density % a ^'- 

te=l& ab ^ iab \- (32) 

The densities Jtt Qb M and H afc M are the symmetric and antisymmetric (in the indices a, b) parts of the 
density Sb^, respectively: 

V=V + V- (33) 
The Lorentz connection uj ab ' enters % only where there is a derivative of (j), in a combination 
— r^cf). Consequently, the spin density is equal to 



ab 



M _ 



Gab4>, (34) 



and generalizes the spin density in the Cartesian coordinates (cf. footnote 2). The difference (|29l) 

between the tensor densities (|28|) and (f2Tjl is then 

1 

— L 

2 



«{J - H» = -u a \Mj- (35) 



6 Conservation of angular momentum 

The Lorentz group is the group of tetrad rotations [3"lll2] . Since a physical matter Lagrangian density 
it is invariant under local, proper Lorentz transformations, it is invariant under tetrad rotations: 




where the changes S correspond to a tetrad rotation. Under integration of Eq. H36[) over spacetime the 
first two terms vanish because of the field equation for <f> (fT2| : 

J + = 0- (37) 

For an infinitesimal Lorentz transformation: 

A\ = 5 a b + e\, (38) 

7 The analogous afline connection-conjugate density 77 , defined via the variation of jt with respect to a 
general afline connection: 8% — Il^Sr^, is called hypermomentum [8]. 
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where = — efc a , the tetrad e° changes according to 

K = e« -e% = A\e\ - e« = e%, (39) 
and the tetrad e£, because of the identity 5(e°e^) = 0, according to 

K = (40) 
The Lorentz connection changes according to 

X, ,ab _ si a. vb \ _ a vb „a vb _ a cb a vb , a be _ ab a i\jbc l a-i\ 

dLJ y.—°\ e v u} P J - e v u n ~ e v e in — e c U ^~ e v e \ t _ t + e c LJ fi e |p - 6 c iV I 41 ] 

Substituting Eqs. ([Ml), 601) and flU} to (J37]) givea^ 

= - J (%le\ + + l -&Je\N%y x 

*[H - ^[,/ + ^Vl', + l^^y^x. (42) 

Since the infinitesimal Lorentz rotation e^" is arbitrary, we obtain a generalized conservation law for 
angular momentum (spin density) 



' =-^ + C, M + 25 p jM M /-iV [ / CT jM t/]pff -7V [ / CT ^ ]p(T . (43) 



Eq. (|43p corresponds to the conservation law for the hypermomentum density in the orthonormal 
gauge [TT] . 

7 Conservation of energy momentum 

A matter Lagrangian density 2t is also invariant under infinitesimal translations of the coordinate sys- 
tem (|T|). The corresponding changes of the tetrad and Lorentz connection are given by Lie derivatives: 

fcJ = A^=C<-r<, (44) 
5u a \ = = - r^ Qb M ,„- (45) 

Eq. (j3"Tj) becomes now 

/ + \Kb^ a \) d'x = 0, (46) 

and holds for an arbitrary vector 

= / ("fc^ " «Se^ + ^ afc ^ Qb M ),, - \& ab v u ah v ^)ed A x. (47) 
Consequently we can write 

= § ab %c ab M + §> ah > ab ^ - u ab v J ~ 2*"^ - 2tEX,„ 

= (& afc % - 2S P *J + & cb »u, c av + & a > c b > a <> M + &J{-R a \ v + - u\ v u c \) 

-2%\, v - 2Z a u e^, (48) 

8 We also use the partial-integration identity j d 4 x(W lJ ')\ p = 2 J d^xS^V* , valid for an arbitrary vector 
density V . 

9 If we use the affine connection -T M P „, which is invariant under tetrad rotations, instead of the Lorentz 
connection uj ab l± as a variable in a Lagrangian density it then we must replace the term with 5ui ab ll in Eq. (|36ll 
by a term with 5(e£„). The resulting equation is equivalent to Eq. (|43j) , cf. [17]. 
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which reduces to 

= (» tt6 ",„ - 2S P &J - &jN h %)u a \ - R a \ v &J 

-2%\. v + iS u W\ - 2% pv ^ p + 4S v ^K pv . (49) 

Equations J53J), gSJ) and the identit£3 # M) p „ = ^"V"! + S p ^ u N a0 p bring Eq. (g5J) to the form 
of a generalized conservation law for energy-momentum: 

= 2S V %\ - 2S% p %" v + 1®„ P N^ - \k p °-^ v % + \M ap «N p p °N a ^ 

Eq. (|50p corresponds to the conservation law for the canonical energy-momentum density in the or- 
thonormal gauge [TT] , cf . also [TTll2"U] . 

The conservation law (|50|) for the dynamical energy-momentum tensor density coincides with 
the conservation law (|20[) for the canonical energy-momentum density TL 1 ^ if the nonmetricity tensor 
N^vp and the spin density Jfl pi/ P vanish. In order to derive Eq. (|2U)) we assumed that the matter fields 
4> are purely tensorial and only considered a coordinate translation in the variation of <f>. Therefore the 
spin density does not contribute to the conservation of the tensor density and does not appear in 
Eq. (f2T))) . In fact, the difference ([55)1 between the tensor densities (|2"5)) and (|2"Tj) is linear in the spin 
density. The absence of the nonmetricity tensor in Eq. ([2H]) is related to the fact that we imposed the 
constraint (fTT|) on the vector £ M to derive a covariant conservation law independent of while there 
is no restriction on this vector in the derivation of the conservation law (|50j) . The full conservation law 
for Hp (corresponding to unrestricted can be derived by combining Eqs. (|35|) . (|43|) and ([50]) . 
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This identity follows from the formula for the commutator of the covariant derivatives of the metric tensor. 



